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Arbitrarily Laminated, Anisotropic Cylindrical Shell
Under Internal Pressure

Reaz A. Chaudhuri*
University of Utah, Salt Lake City, Utah

K. Balaraman{ and Vincent X. Kunukkasserilt
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An arbitrarily laminated, anisotropic cylindrical shell of finite length, under uniform internal pressure, is
analyzed using Love-Timoshenko’s kinematic relations and under the framework of classical lamination theory.
The previously obtained solutions for asymmetrically laminated orthotropic (cross-ply) as well as unbalanced-
symmetric and balanced-unsymmetric (angle-ply) cylindrical shells under the same loading conditions have been
shown to be special cases of the present closed-form solution. Numerical results have been presented for a two-
layer cylindrical shell and compared with those obtained using finite element solutions based on the layerwise
constant shear-angle theory. These are expected to serve as benchmark solutions for future comparisons and to

facilitate the use of unsymmetric lamination in design.

Nomenclature

Ay By, Dy =extensional, coupling, and bending
rigidities, respectively, for i,j=1,2, 6

L =length of the circular cylindrical shell

M, Mg, M,M, =bending and twisting moments per unit
length

N, NyNyg,Ny,  =in-plane normal and shearing stress
resultants per unit length

p =uniform internal pressure

0.0, =transverse shear stress resultants per unit
length

R =radius of the reference (middle) surface
of the cylindrical shell

t =thickness of the laminated shell

u,v =surface-parallel displacement com-
ponents in longitudinal and circumferen-
tial directions, respectively

U,V =reference (middle) surface stretching
displacements

w =transverse or radial displacement

x,0,2 =right-hand cylindrical shell coordinates

€1,62,Y12 =reference (middle) surface normal and

shearing strains
6; = fiber orientation angle of the ith layer
X1:X25X12 =changes of curvature and twist
0,,04, Ty =surface-parallel normal and shearing
stress components

Introduction

HE increasing use of fiber-reinforced laminated com-

posite shells in aerospace as well as ground applications
and the various shell theories employed for analyzing them are
now fairly well documented.!* The analysis of these shell
structures is fraught with such complications as introduced by
the anisotropy of individual laminae and the asymmetry of, in
general, lamination that result in various coupling effects. The
first study that incorporated the bending/stretching coupling
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due to unsymmetric lamination was by Ambartsumyan,> who
considered orthotropic layers. Dong et al.® applied a theory of
a thin laminated anisotropic shell, which may be considered to
be an extension of work of Reissner and Stavsky’ on
laminated anisotropic plate, to Donnell’s shallow shell theory.
This theory was utilized by Reuter® in obtaining closed-form
solutions for the unbalanced-symmetric and balanced-
unsymmetric angle-ply cylindrical shells of finite length under
the separate influences of a uniform internal pressure and a
uniform temperature change. Balaraman et al.” obtained
closed-form solutions for asymmetrically laminated cylin-
drical shells of finite length, consisting of orthotropic as well
as anisotropic layers and under uniform internal pressure.
However, numerical results were presented for asymmetrically
laminated orthotropic layers only.%!® Reference 9 also pre-
sented a series solution for an asymmetrically laminated cylin-
drical shell consisting of orthotropic layers and subjected to
nonaxisymmetric loadings. Extensive numerical results were
not presented, however. Recently, Bert and Reddy!! have
presented exact solutions for bending under sinusoidal
transverse loading of two-layer thin cylindrical shells. Reddy'?
has used the constant-shear angle theory (CST) to present
series solutions for cross-ply shallow shells of cylindrical as
well as doubly curved geometries utilizing Sanders’ kinematic
relations.

‘A brief review of the published literature suggests that an
analytical solution is not available for an arbitrarily
laminated anisotropic cylindrical shell, even under such a
simplifying assumption as the classical lamination theory
(CLT), based on Love’s first approximation theory!® (also
known as the Love-Kirchhoff theory). As a result, designers
of laminated composite shell structures shy away from the
employment of unsymmetric lamination of anisotropic
layers, which may offer important additional advantages in
practical design over the more traditional cross- and angle-
ply constructions. The present paper will, therefore, try to
fill this gap. CLT and Love-Timoshenko’s kinematic rela-
tions'*!5 will be the basis of the present investigation. The
numerical results, obtained using the present closed-form
solution will be compared with those, computed using
triangular finite elements based on the layer constant shear-
wise-angle theory (LCST).*!* The purpose of this com-
parison is to evaluate the applicability of CLT in case of
asymmetrically laminated, anisotropic cylindrical shells.
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Derivation of Closed-Form Solution

The equations of equilibrium for a circular cylindrical
shell (Fig. 1) subjected to uniform internal pressure p are
given by!0.15.16

1
Nx,x+7N0x,9=0 (la)
1 0
Nw,x+7e—N9,,,+—R—o =0 (1b)
ﬂ—Q —'I—QM:P (10
R “* R ’
1
Mx,x +T M0x,0 = Qx (ld)
1
Mxe,x+‘R— 00 =0s (1e)
M@x _
Ny — Ny, — = =0 an

where the strain-displacement relations are!®!%17

1 1
€ =Upys Q=% (Vopt+w); 712=vo,x+“R“ uge (2a)
1
X1= ™ Wsoxys X2=?2_ (_W:00+U0,0)
2
X12=—R— ('—Wlx0+1)0,x) (2b)

The stress resultants and stress couples can be expressed in
terms of the reference surface strains and curvatures as

Fig. 1 A cylindrical shell: a) geometry, b) stress resultants, and
¢) stress couples.
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follows!0:17;

Ny=Aj e, +Ape, + Ay + Buxy + Biaxa + Bigx (3a)
Ny=Ape; +Ape, +Aryyiz + Biaxy + BaXs + BasX iz (3b)

Nyg=Ajge; + Ayser + AgeViz + Bisx1 + Basxz + BesX 1z
+(1/R) (Byg€1 + Bygear + Begv1z + DXy + Dasxz + Desx12)
(3¢)

Nox=A €1 + Arsey + AgeY12 + BisXa + BasXa + BesX 2 (3d)
M, =By, +Bye; + Bigyio + Diixqy + Dipxa + Digxaa (3e)
My =By6, + Byey + Bygy12 + Dipxy + Doaxa + Dasxaa (39

M,y =My, =Bge1 + Byge; + Besvi2 + Digx1 + Dasxa + D12

(32

The expression for N, as given by Eq. (3c) has been
chosen such that the sixth equation of equilibrium is sat-
isfied.

Eliminating Q, and Q, from Egs. (1), then substituting
Egs. (2) and (3) into them and noting that, because of ax-
isymmetry 3/060(- - -)=0, but v, =0, will yield

2B

Vo xx = 0

(4a)

Ajp
A Ug +—R Wyt AigUg e — By W o +

AZG ZBIG
A 1640, +T Wy +A66UO,xx _Bléw,xxx + R Up sex

2B, + 4B

R? W R Vo, xx R W xxexx + 'Ez— D66 Vox = 0
(4b)
A An A 2By,
—Rﬁ Mo+ 5 W+ Vou Bt T W
2B 2D
—Bl6vo,xxx + et Vo,x + Dll W oxxe = = Vg xxx =P (4C)

R? R

Equations (4a) and (4b) are then differentiated to obtain
the expressions for u,,, and v, that are then substituted
into Eq. (4¢c). These equations are also integrated to obtain

A 2B
Auuo,x"% w+ (Als__Rl‘G‘ Vox—Byw, =A, (5)
4B 4D, 2B
<A66 +“_Rﬁ+ R26§> Upy=— (Am +—R%6‘>uo,x

1 2B 2D
—T(A% +—R_22> w+ (B16 +—Rl6—> W+ A, (5b)

where the integration constants A, and A, are equal to N,
and N+ (M,;/R), respectively. Eliminating u,, and v,
from Egs. (5a), (5b), and (4) will finally yield *

AWy T OW  +cw=p’ 6)
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where a, b, ¢, and p’ are given by Eqgs. (A1) in Appendix A.
For orthotropic layers, they reduce to Egs. (A2), which
check with those obtained by Chaudhuri.!® It is also easy to
see that for unbalanced-symmetric and balanced-unsym-
metric angle-ply shells, 5=0 and Egs. (6) and (A1) reduce to
those obtained by Reuter.® The solution to Eq. (6) is of the
form, obtained earlier by Paul'® and Chaudhuri,'® for asym-
metrically laminated shells consisting of isotropic and or-
thotropic layers, respectively,

w= B, sinhBxsinax + B, sinhBxcosax + B; coshBxsinox
+ B, coshfBxcosax+ (p’/c) )

where

O R O

In obtaining the solution given by Eq. (7), 5> <4ac has been
assumed, which is valid for most laminated shells used in
practice. The constant b represents essentially a second-order
beam/column effect'® caused by the asymmetry of lamin-
ation.

The midsurface displacements u, and v, can now be ob-
tained by substituting Eq. (7) into Egs. (5) and then in-
tegrating with respect to x,

uy=(A;a’ —A,b")x+ [Bya(c’' —d")

+ B;B(c’ +d’)]sinaxsinhfx

+ [Bia(—c’+d’')+ByB(c’ +d’)]cosaxsinhBx

+[B,B(c’+d’)+Byx(c’ —d’)]sinaxcoshfBx

+ {B,8(c’+d’)+Bya(—c’+d’')]cosacoshBx+4; (9)
vo=[—Ae’ +A,f" ]x+ [Bya(g' —h")

+B;8(g’ +h’)]sinoxsinhfBx

+ [Bia(—g +h")+B,B(g’ +h')] cosaxcoshBx

+[B,B(g’ +h’)+Bya(g’ —h’)]sinaxcoshBx

+[B,B(g" +h')+Bya(—g' +h")] cosaxcoshfx+ A4, (10)
where A; and A, are integration constants and a’, b’, ¢’,
d,e,f',g,and h’ are as given by Eqgs. (A3) and (A4).

The eight integration constants A,, and B,,, m=1,...,4,
can be obtained by prescribing four boundary conditions at

n"; 0.06 —— CLT(Analytical)
© o0.05 . LCST(F.E.M)
~. 0.04"\

5 0.03

£
=% o0.02} ©:.=0
~nu

0.0t

N /6 w3 _ m/2

2

Fig. 2 Variation of central transverse displacement of a two-layer
cylindrical shell with respect to the fiber orientation of the outer
layer.
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each of the two ends x= = L/2 of the cylindrical shell. These
can be described as follows:
Simply supported edge,

SSI: w=M,=N,=N,=0 (11a)
SS2: w=M,=u;=N,=0 (11b)
SS3: w=M,=N,=v,=0 (11¢)
SS4: w=M,=uy=v,=0 (11d)

Clamped edge,

CEl: w=w,=N,=N,=0 (12a)
CE2: w=w,=uy=Ny,yz=0 (12b)
CE3: w=w,=N,=0v,=0 (12¢)
CE4: w=w,=uy=v,=0 (12d)
Free edge,
M,=Q,+ (I/R)Myy =N, =Ny =0 a3)

For example, application of the boundary conditions SS1 at
ends x= +L/2 will determine the integration constants as

A =4,=A,=A4,=0 (14a)

because u, and v, are skew-symmetric functions of x,

p'=p (14b)
pd,
B=—-———— l4c
! c(ayd, —bycy) (140)
Dey

Bj=—— 14
4 c(ayd,—bycy) (14d)

with a,, by, c¢;, and d, being given by Egs. (AS) and

because w is a symmetric function of x.
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Fig. 3 Variation of end longitudinal displacement of a two-layer
cylindrical shell with respect to the fiber orientation of the outer
layer.
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Once the three displacement components are known, the
strains and curvature changes and, finally, the surface
parallel stresses can be determined. Transverse stresses can
be obtained by using Eqs. (2.11.1) of Seide.'®

Numerical Results

The results on laminated anisotropic shells so far available
in the literature are restricted to such symmetries of lamina-
tion as unidirectional, cross ply, and angle ply. The present
study will investigate, as an example, a two-layer asym-
metrically laminated cylindrical shell involving no such sym-
metry of lamination. Simply supported condition SS1 is con-
sidered here. The inner layer of the shell has fibers oriented
in the direction parallel to the axis of the cylinder (x axis).
The fiber orientation in the outer layer is varied at 0-90 deg
with respect to the x axis. The length of the cylindrical shell
and the inner radius are 508 and 254 mm (20 and 10 in.),
respectively, while the thickness of each layer is 2.54 mm
(0.1 in.). E,, and E,,, Young’s moduli in the directions
paraliel and transverse to the fibers, are 275.8 and 6.895
GPa (40 x 10% and 108 psi), respectively. G, and G5 =Gy,
(in-plane and transverse shear moduli, respectively) are both
assumed to be equal to 3.448 GPa (0.5x10% psi). Major
Poisson’s ratio, »,, =»,;, defined to be ratio of the strains
perpendicular and parallel to the fiber direction caused by
the stress in the direction of fibers, is taken equal to 0.25.

-0.04p _
\ —— CLT(Analytical)

) [ LCST(F.E.M)
-0.03~

-0.02

—E..tvg, /(PLR)

-0.01]

End

<>

w6 _ m/3 /2
8.
Fig. 4 Variation of end circumferential displacement of a two-

layer cylindrical shell with respect to the fiber orientation of the
outer layer.
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Fig. 5 Variation of central longitudinal stress of a two-layer cylin-
drical shell with respect to the fiber orientation of the outer layer.
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Transverse major Poisson’s ratio v,y is also assumed to be
the same.

Figures 2-7 show variation of transverse displacement and
surface-parallel stresses at the central section of the cylinder
(i.e., x=0) as well as variation of surface-parallel displace-
ments at the end (i.e., x=L/2), with respect to the fiber
orientation of the outer layer. The present CLT solutions are
compared with those obtained by the finite element method
(FEM), based on the assumptions of transverse inextensibil-
ity and LCST. Details on formulation and convergence of
the element are available in Refs. 4 and 14 and are not
repeated here. These figures suggest close agreement between
the two solutions for a thin shell at a point away from the
edge. It is further noteworthy that the circumferential
displacement component obtained by CLT does not vary
through the thickness, while the variation obtained by LCST

_____ cLT }OuterSurface
= | CST
[ CLT LjnnerSurface
100 »___._ ;tiT |ntetrface e |
r
x LCST}{LOal;eer)'/;,
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Fig. 6 Variation of central circumferential stress of a two-layer
cylindrical shell with respect to the fiber orientation of the outer
layer.
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Fig. 7 Variation of central surface-parallel shear stress of a two-

layer cylindrical shell with respect to the fiber orientation of the
outer layer.
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can be considered to be almost constant for the cylindrical
shell under investigation. It is further interesting to note that
oy and 7,4 at the top and bottom surfaces of the inner layer
are almost identical, while the same is not true for o, at the
top and bottom surfaces of the inner layer. The reason
behind this seemingly paradoxical behavior is that the
stresses o, and 7,4 for the inner layer are primarily mem-
brane stresses, while stresses o, for the same layer are due to
both bending and membrane, with bending being predomi-
nant for §, <60 deg approximately. For =60 deg (approx-
imately), o, for the inner layer are membrane stresses. In
general, the stresses in the outer layer seem to behave dif-

0.04
L‘“""»\ —— CLT(Analytical)
- % ® LCST(FEM)
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-y h "
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.z OOt .
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ol . 02 04|

0.1 03 05
x/L

Fig. 8 Axial variation of transverse displacement of a two-layer
(0/45 deg) cylindrical shell.
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Fig. 9 Axial variation of longitudinal displacement of a two-layer
(0/45 deg) cylindrical shell.
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Fig. 10 Axial variation of circumferential displacement of a two-
layer (0/45 deg) cylindrical shell.
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ferently than those of the inner layer. Exceptions to this in-
clude o, for the outer layer behaving like membrane stresses
for 8,<75 deg (approximately), o, becoming almost mem-
brane-like for §, ~0 and 90 deg, and 7,, for the outer layer,
understandably, vanishing for §,=0 and 90 deg. The dif-
ference in the behavior of the stresses in the inner and outer
layers is, to a small extent, due to the effect of curvature,
but primarily because the outer layer has fibers oriented at
an angle, which produces such coupling effect as, for exam-
ple, bending/twisting (except when 8, =0 or 90 deg). For ex-
ample, the stresses 7,4, for the outer layer with 0, =45 deg,
are due to both in-plane shear and twisting in contrast to the
same for the inner layer, which are primarily due to mem-
brane shear.

Figures 8-13 show the variation of displacements w, u,,
and v, and stresses o,, 0,4, and 7,, along the axial direction
of the cylindrical shell with §, =45 deg. These plots indicate
that, while the effect of transverse shear deformation on
radial displacement of the thin asymmetrically laminated
shell is not significant, the maximum stresses computed using
LCST are about 10% higher than those due to CLT. The
disagreement is, nonetheless, confined to the region of the

f
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Fig. 11 Axial variation of longitudinal stress of a two-layer (0/45
deg) cylindrical shell.
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Fig. 12 Axial variation of circumferential stress of a two-layer
(0/45 deg) cylindrical shell.
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Fig. 13 Axial variation of surface-parallel shear stress of a two-
layer (0/45 deg) cylindrical shell.

shell characterized by the boundary-layer effect. Further-
mare, the disagreement between the two solutions is more
pronounced for the curves with sharper peaks and for the
cases of stresses at the top and bottom surface of the layer
having opposite signs, such that the moments or stress
couples (not shown), computed using these stresses, are in
close agreement.

Conclusions

A closed-form solution for an asymmetrically laminated
anisotropic cylindrical shell of finite length under uniform
internal pressure is presented, using Love-Timoshenko’s
kinematic relations and CLT (based on Love’s first approx-
imation theory). The numerical results for a two-layer shell
demonstrate the influence of the various coupling effects in-
duced by the asymmetry of lamination and anisotropy of in-
dividual laminae. Comparison of these CLT-based results
with the LCST-based finite element solutions suggest that,
while there is close agreement between the two solutions in
computing displacements and moments, slight disagreement
(approximately 10%) has been observed in computing the
maximum stresses in individual layers, which is confined to
the ‘‘boundary-layer” zone of the shell. Solutions presented
herein should serve as benchmark results for future com-
parisons and facilitate the use of asymmetrically laminated
shell in design.

Appendix A

The constants a, b, ¢, and p’ referred to in Eq. (6) are
written as follows:

4B :9)
-p. g (A 66 66)
a=0y {[ 1\ Aes + R +—_R2
2D 2B 2D \2
_ZB”(B“ R16>(A16+ Rm>+A“(B‘6+ Rm)]

4By 4D 2B,5\?
[ (e ) - (e )] o

2D 2B
+A”(B‘6 Rm) (A26+ st)]
4B, 4D, 2B
=R 66 66 16
[A“<A“+ R RZ) (A“’ R )]}
2D 2B
- {2 (B 22) (- 232)
2B 2B
"Bll(A16+ R16>(A26+_Izﬁ):|

4By 4D 2B\ 2
':'R[A“(A““L =+ R266)_<A‘6+ Rm) ]} (AL0)

o 2) o 28 1 22
el 520 2) o 2 o
o2 2
—~A, <A16+ 2?6)]

+ [A11<A66+i'15;ﬁ+ 4113266) (Al6 25;16) ]}
22 o1 2]

4B, 4D 2B
+[A“(A“+ T R266> (A“ R16> ]} (Ald)

For orthotropic layers, these reduce to'?

a=Dy, —(B3,/A,)) (A2a)

b= (2/RA,))ApB, —BA,) (A2b)
= (A Ay — A%/ R2A (A2¢0)
p’'=p—(A,4,,/RA}) (A2d)

The constants a’, b’, ¢’, d’ and e’, f', g’, h’ referred to
in Egs. (9) and (10), respectively, are

4B, 4D
<A“ R66+ RG6>

[A” (A66+ 4B 4D66) < 2316) ]

[ A, <A66+ 4B 4D66) 2816> ]
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4Bg 4D 2B 2B
R T P e ¥ R%)]

4By 4Dy ZB16
(a2+BZ)R[A“(A66+ ? + R2 — A+ =X

(A3c)

4B, 4D66 2B 2D
[Bll(A66+ R6 -\ A6+ R16> B+ R16

' 4B, 4D, 2B, \2
[A“(A“+ R66+ R266>"<A‘6+ R16>:|

(A3d)
2316)
A
( 6+t R
e’: (A4a)
4B,, 4D, 2B\ 2
[A”<A6"+ R66+ R266>_<A‘6+ Rw)]
A
f= L (Adb)

4366 4Dy 2B\ 2
[A11<A66+ R R )~ A+ R
2B 2B,
[ (a0 )+ a0 (a16+ 23) |

4By 4D, 2B\2
R(012+32)[ 11<A66+ R66 R266>“(A16+ Rl >]

g'=

(A4c)

2B
[AII(B16+ 16) _BII(A16+ Rm)]

h = (A4d)

4866 4D¢s 2B16\?
R[A“<A“+ R TR )T\t

The constant terms a,, b, ¢, and d, referred to in Egs.
(14) can be written as

(L (2)
(Do)
- ()

aa()en(®) o
(D) o

Appendix B: Justification for Use of the Terminology
of ‘‘Love-Timoshenko’s Kinematic Relations’’

Classical lamination theory (CLT) for laminated composite
shells is an extension of Love’s first approximation theory!? or
Love-Kirchhoff- theory, because this is based on Love’s
postulates. However, within the framework of CLT, a number
of kinematic relations relating the strains and curvatures on
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the reference surface to the reference surface displacements
(for example, those due to Donnell, Sanders, and Love-
Timoshenko) are available. Love!® has presented these rela-
tions for a general shell from which Timoshenko and
Woinowsky-Krieger!® derived the kinematic relations for a
cylindrical shell. Kraus!® presents Reissner’s version of Love’s
first approximation theory, which is different from Love’s
theory as derived by Love himself (see Ref. 19, footnote, p.
24). The twist term x,, as given by Kraus!® [Eq. (6.8¢), p.
200] is

(XlZ)present = (T)Kraus = (I/R) ( - 2W:x0 + vO,x) (Bl)

paper

while the same term as presented by Timoshenko and
Woinowsky-Krieger!® [see p. 432 and Eq. (300), p. 512] is

(XIZ)presenl = 2(Xx¢ )Timo = (Z/R) ( -
paper

W, xo + vO,x) (BZ)

Since the present paper is concerned with a cylindrical
shell and uses Eq. (B2), it is considered highly appropriate,
in order to avoid confusion, to mention Timoshenko’s name
in addition to that of Love and also give reference to both
the books. Admittedly, Timoshenko has presented a beam
theory that includes transverse shear deformation, but his
work on shell theory excludes the shear deformation ef-
fect—a view also shared by the reviewer. In our opinion,
since the CLT based on Love’s first approximation theory or
Love-Kirchhoff theory excludes the shear deformation ef-
fect, anyone familiar with shell theory would not confuse
Love-Timoshenko’s kinematic relations with the shear defor-
mation theory. In this regard, even if there is a popular
misconception, as the reviewer believes, we feel that it is im-
portant to set the record straight and not to perpetuate this
misconception.
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